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Abstract
In this paper, we present the special solution of the two-dimensional prob-
lem of a continuously graded composite made of thermovisco- rigid plastic
materials under combined biaxial quasistatic compression and tension (or
compression) and shear, that preserves prescribed uniform normal strains.
The related reference initial-boundary value problem is fully defined and the
corresponding solution is analyzed and computed numerically. In the con-
text of a linearized instability analysis, critical conditions, as the critical shear
banding angle, in terms of the loading level and material heterogeneities, are
presented. In the context of non-linear instability, these results are exam-
ined and explained. Additionally, in the same context of non-linear analysis,
the destabilizing mechanism, the onset of instability and the critical time
for prescribed lower and upper bounds of equivalent strain-rate and upper
bound of equivalent strain are defined and related to the lateral normal stress.
The limitations of linearized analysis results are also revealed. Moreover,
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a semi-analytical homogenization scheme for a periodically-graded plate is
presented. The related results are used for the derivation of a homogenized
problem of a multilayered composite with continuously graded interlayers.
Keywords: Thermo-visco-plasticity; Instability; Continuously graded
structures; Homogenized problem.
1. Introduction
Modeling the mechanical behavior of heterogeneous thermoviscoplastic
materials has been the subject of many research papers from both mathe-
matical and computational point of view (Batra and Love, 2004; Charalam-
bakis and Baxevanis, 2004; Batra and Love, 2005; Terada and Kikuchi, 2001;
Chatzigeorgiou and Charalambakis, 2005; Chaboche et al., 2005; Love and
Batra, 2006; Chatzigeorgiou et al., 2007, 2009; Cavalcante et al., 2009; Pin-
dera et al., 2009; Cavalcante et al., 2009; Khatam and Pindera, 2010; Nie and
Batra, 2010; Nie et al., 2011; Nackenhorst et al., 2011, Charalambakis et al.,
2018). We also refer to Michopoulos et al., 2018 for a presentation of the
enabling technology for collecting data that summarize the dissipation be-
havior of composites under quasistatic multiaxial loading, via robotic testing.
The one-dimensional homogeneous case has been completely investigated by
Bai, 1982; Anand et al., 1987; Fressengeas and Molinari, 1987 and the related
instability criteria for shear banding have been introduced. The biaxial load-
ing of viscoplastic and thermoviscoplastic homogeneous materials has been
presented in Batra and Liu, 1990; Dudzinski and Molinari, 1991. The biaxial
loading of functionally graded multi-metallic composites bas been studied in
Batra and Love, 2004, 2005. The compressive or shear failure of composites
2
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has been the subject of many works, as Basu et al., 2006; Edgren et al., 2006;
Bai and Keller, 2009; Khedmati et al., 2014. Unexpected phenomena, as in
multilayered copper subjected to plane strain compression, were experimen-
tally observed, revealing different kinds of interface instability (saw-thoothed,
wavy, double undulation, bifurcation, see the interesting paper Gotoh et al.,
1993). Experimental performances and modeling of old structures with steel
bearings (see Mander et al., 1993), as in problems of quasi-static fragility
of multi-span bridges with drop spans, need also insights on the behavior of
metallic multilayers. Of special interest are the studies on the mechanism of
shear banding related to the interfacial weakening leading to strain softening
in nanolayered composites (Mara et al., 2010): geometric stress concentra-
tions exert a non-uniaxial stress state, causing rotation of the layers thus
their shear loading. Intense research effort has been devoted recently to the
emergence of stable interfaces under extreme plastic deformation (Beyerlein
et al., 2014), to the cyclic indentation behavior of metal-ceramic nanolay-
ered composites (Shen et al., 2012) and to the high-strength and thermally
stable bulk nanolayered composites due to twin-induced interfaces ( (Zheng
et al., 2013). Interfaces can be designed within bulk nanostructured compos-
ites to enhance previously manufactured bulk nanocrystalline materials with
respect to mechanical and thermal performance, Shen et al., 2012; Zheng
et al., 2013, see also Deng et al., 2005 for metal-ceramic and Ovid’ko, 2014
for metal-graphene composites. Very recently, thermo-hydro-mechanical cou-
plings and strain localization in 3D Cosserat continua are presented in two
companion papers (Rattez et al., 2018a, Rattez et al., 2018b).
In this paper we present the loading conditions and the corresponding so-
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lution for a special uniform normal strain-rate biaxial deformation of a plate
made of heterogeneous rigid thermoviscoplastic von Mises material with con-
tinuously graded properties following one direction. This structure could be
the idealization of a composite formed by alternate layers and functionally
graded interfaces. Compressive or shear failure is related to material instabil-
ities as shear banding, enhanced by the heterogeneities of thermomechanical
and other physical parameters. Additionally, interfacial weakening and/or
interfacial stress concentrations may act as precursors of instabilities. It is
shown that, if it is assumed a uniform normal stress distribution in the di-
rection vertical to the material gradation, then the special solution of the
above problem requires a continuously varying lateral normal stress distri-
bution in the direction of gradation. It is shown that this situation yields to
shear stress, shear strain and temperature distributions, also dependent on
the direction of gradation. This solution first is considered as a non-uniform
ground solution for the detailed instability analysis of the above heteroge-
neous problem. As expected, the linearized instability analysis reveals the
interplay between thermomechanical heterogeneities and actual strain and
stress level on the emergence of fast growing perturbations, as well as their
direction. The principal aims of the present work is, first to apply non-linear
analysis techniques in order to explain the instability criterion given by the
linearized analysis and reveal the onset and evolution of stable and unstable
processes in real time, and second to describe quantitatively the thermo-
mechanical process in real time. We note that the above solution excludes
behavior under cyclic loading (for cyclic loading resulting to accelerate cyclic
softening, we refer to Benaarbia et al., 2018).
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Moreover, the above solution gives, for the special case of a very fine
periodic gradation of material properties under stability conditions, a ho-
mogenization result that defines the loading conditions (combined biaxial
compression and shearing or combined compression-tension and shearing) of
the heterogeneous case, preserving uniform normal straining in both direc-
tions. Today’s homogenization methods of elastic or inelastic materials are
necessarily based on computational methods (for a very recent application of
the Finite-Volume Direct Averaging Micromechanics (FVDAM) to simulate
the multiphase heterogeneous materials in three-dimensional domain we re-
fer to Chen et al., 2018a), with very often computer-aided generation of 3D
representative volume elements (see the very interesting paper by Bargmann
et al., 2018). Indeed, only one-dimensional inelastic problems can be inves-
tigated semi-analytically. In the present paper, a semi-analytical method is
applied in order to solve the 2D non-linear homogenization problem of biaxial
loading of multilayers. For two different points of view on homogenization
of non-linear laminated composites we refer to Omri et al., 2000, Lopez-
Realpozo et al., 2008, Zhu et al., 2018. For the analysis of effective behavior
of elastic structures with non-linear periodicity we refer to Guinovart-Sanjuan
et al., 2018 and Dong et al., 2018. For an application of the finite-volume
homogenization to nanoporous materials with cylindrical voids we refer to
Chen et al., 2018b.
The homogenization result of the present paper can eventually be used
in manufacturing processes of layered materials with functionally graded in-
terfaces, for which prescribed uniform normal strains are desired under com-
bined biaxial normal stress and shearing. More specifically, the lateral effec-
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tive tension can be adjusted in order that given uniform normal strain-rate
is preserved, resulting to uniform elongation or shortening of components,
since eventual strain non-uniformities, due to elastic deformation, are negli-
gible. On the other hand, since the heterogeneous lateral stress is completely
defined, high stress concentrations due to material non-uniformities can be
controlled at every moment. Additionally, in case of compressive lateral
stress, plastic microbuckling issues can eventually be considered (see Jelf
and Fleck, 1994). Moreover, from the heterogeneous shear strain distribu-
tion, high non-uniformities can also be examined.
2. Statement of the problem
We consider a heterogeneous plate made of thermoviscoplastic materials
with continuous or moderate discontinuous properties varying with respect
to the y-axis (Figure 1). This case could correspond to a functionally graded
material or to a multilayered material with layers parallel to the x-axis, in
which interfaces are approximated by continuously graded layers exhibiting
smooth properties with respect to y. We assume that the body is deformed
under plane strain conditions in the planeOxy with εzz = 0. The deformation
process is described by: (i) The momentum equations
%
∂vx
∂t
=
∂σxx
∂x
+
∂σxy
∂y
, (2.1)
%
∂vy
∂t
=
∂σyx
∂x
+
∂σyy
∂y
, (2.2)
where vx, vy are the velocity components and σxx, σxy, σyy are the stress com-
ponents. (ii) The energy equation (repetition of indices i, j means summation
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over x,y,z)
c
∂θ
∂t
= k
∂2θ
∂x2
− θCijklε˙eklαij + σij ε˙pij −
∂F (θ, p)
∂p
p˙+
∂2F (θ, p)
∂θ∂p
θp˙, (2.3)
where θ is the temperature field, p the accumulated strain and F (θ, p) a
hardening function coming from the free energy function. (iii) The plastic
flow equations corresponding to the von Mises criterion
ε˙pxx = Dxp˙, ε˙
p
yy = Dyp˙, ε˙
p
xy = Dxyp˙. (2.4)
(iv) The compatibility equation
∂2ε˙xx
∂y2
+
∂2ε˙yy
∂x2
= 2
∂2ε˙xy
∂x∂y
, (2.5)
where εij = ε
e
ij + ε
p
ij is the (small) strain decomposed into elastic and plastic
part, while
p(t) = p(t0) +
∫ t
t0
p˙(τ)dτ (2.6)
stands for the accumulated strain and the dot denotes the time partial deriva-
tive. We note that, from (2.4), p˙ =
√
4
3
((ε˙pxx)2 + (ε˙
p
xy)2). The plastic strain
is assumed to be incompressible, and since εzz = 0,
εxx = −εyy. (2.7)
In (2.3) the first two terms in the right hand side are due to thermoelastic
effects, while the rest three terms are due to inelastic effects. In the von
Mises criterion σ¯ − f(θ, p, p˙) ≤ 0, the equivalent stress σ¯ is given by
σ¯ =
√
3
4
(σxx − σyy)2 + 3σ2xy. (2.8)
In (2.4)
Dx = −Dy = 3
4σ¯
(σxx − σyy), Dxy = 3
2σ¯
σxy. (2.9)
7
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
The process starts at a time, which is assumed to coincide with the time
at which all material regions deform plastically with negligible elastic effects
(including initial elastic strain-nonuniformities), providing the main process
with initial, nearly uniform, effective strains p0(y) and causing strains εij ≡
εpij. Therefore, for t > 0 the energy equation involves only inelastic effects
and under adiabatic conditions is expressed as
∂θ
∂t
= c∗σij ε˙ij, (2.10)
which, for a von Mises material with ε˙pij =
3
2σ¯
sij, is equivalent to
∂θ
∂t
= c∗σ¯p˙. (2.11)
The constitutive law is assumed of the form
σ¯ = Gθαpnp˙m. (2.12)
The material parameters % (density), c (specific heat), c∗ = β
%c
, (where β is
the Taylor-Quinney coefficient) and G, are all assumed to depend only on y.
As mentioned, they are approximated by smooth functions of y.
Using non-linear analysis techniques in order to study the qualitative be-
havior of the solution of the above problem described by (2.1), (2.2), (2.11),
(2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.12) under appropriate initial and
boundary conditions for velocity and/or stress, leads to the conclusion that,
if for some material point, the (heterogeneous) thermal softening is suffi-
ciently large in order to overcome the stabilizing effect of strain-hardening
and strain-rate sensitivity, then, after a strain and loading level, for this point
there exists a critical time at which the equivalent strain-rate increases with-
out bound (see Appendix A. See also for the one-dimensional homogeneous
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case Tzavaras, 1987, Katsaounis et al., 2017 and for the non-homogeneous
case under plane stress conditions Chatzigeorgiou and Charalambakis, 2005;
Chatzigeorgiou et al., 2007). But this finding is without practical interest
since it corresponds to an infinite value of strain rate, while problems we are
interested in involve not only finite strain-rates, but of bounded measures,
as in quasistatic processes. Therefore, a realistic approach is to consider
a finite critical strain rate and to compute the critical time corresponding
to that value from (9.2) (see Appendix A). Consequently, questions about
time-asymptotic stability of the solutions of the above problem are out of the
scope of the present paper.
3. The quasistatic case
In order to study in detail the onset, geometry and evolution of instabil-
ity for the above problem we consider its quasi-static approximation under
appropriate initial and boundary conditions for velocity and/or stress. In
Subsection 3.1 we find a special solution for the system of: the equilibrium
equations
∂σxx
∂x
+
∂σxy
∂y
= 0, (3.1)
∂σyx
∂x
+
∂σyy
∂y
= 0, (3.2)
the energy equation (2.11), the plastic flow rule (2.4), the compatibility con-
dition (2.5), the accumulated plastic strain (2.6), the incompressibility condi-
tion (2.7), the von Mises stress (2.8), the relation between the flow coefficients
and the stress (2.9) and the constitutive law (2.12). This solution will first
serve in Subsection 3.2 for the linearized instability analysis. We will con-
sider it as a ”ground” solution S0 for the above heterogeneous problem and
9
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we will superpose a perturbation of the form δS = δS0eη∆teiξx1 following a
x1-direction, causing a possible instability in x2-direction.
The instability or stability depends on the sign (positive or negative,
respectively) of the parameter η. This will be deduced from the solution of
the determinant of the linear homogeneous system resulting after substitution
of
S = S0 + δS (3.3)
into momentum equations (3.1), (3.2), energy equation (2.11), plastic flow
equation (2.4), compatibility equation (2.5), accumulated strain (2.6), incom-
pressibility equation (2.7), equivalent stress (2.8), plastic flow coefficients
(2.9) and constitutive equation (2.12), written with respect to the Ox1x2-
system. The stress level σ011, σ
0
22, σ
0
12 is expressed in terms of the angle ψ
between axes Ox1 and Ox of the orthogonal systems Oxy and Ox1x2 and
the components σ0xx, σ
0
yy, σ
0
xy (see Appendix A).
The plastic flow and the compatibility equation are written as
ε˙11 = D1p˙, ε˙22 = D2p˙, ε˙12 = D12p˙, (3.4)
∂2ε˙11
∂x22
+
∂2ε˙22
∂x21
= 2
∂2ε˙12
∂x1∂x2
, (3.5)
where
D1 = −D2 = 3
4σ¯
(σ11 − σ22), D12 = 3
2σ¯
σ12, (3.6)
and
σ¯ =
√
3
4
(σ11 − σ22)2 + 3σ212. (3.7)
Equation of energy and constitutive law are written as (2.11) and (2.12).
In the next Section 4, this special solution will serve for the non-linear
instability analysis.
10
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3.1. The reference solution
In this subsection, we will define a special solution S0 for the quasistatic
case under the boundary conditions shown in Figure 1, consisting of given
normal strain rates
q
q
s
s
r
y
z x
r
(a)
h/2
h/2
x
y
q
s
r
q
s
r
x1x2
ψ
(b)
Figure 1: Composite structure and loading conditions
11
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
ε˙0xx = −ε˙0yy = v, (3.8)
which correspond to a velocity field
v0x = vx+ φ(y, t), v
0
y = −vy, (3.9)
and of stress components
σ0xx = s(y, t) σ
0
yy = −q(t), σ0xy = r(t). (3.10)
We assume that we control the process at every time step in order that the
unknown shear strain remains quasi-static,
ε˙xy =
1
2
∂ϕ
∂y
≤ 10−2. (3.11)
This needs a sufficiently small given normal strain-rate, for instance v ∼ 10−3.
We easily verify that the solution S0 =(σ0xx, σ
0
yy, σ
0
xy, σ¯
0, ε˙0xx, ε˙
0
yy, ε˙
0
xy, p˙
0,
θ0) satisfies momentum (3.1), (3.2), compatibility (2.5) and incompressibility
equations (2.7). Given the functions v, q(t), r(t), we can define the unknown
functions s(y, t) and θ0(y, t) from plastic flow (2.4), accumulated strain (2.6),
equivalent stress (2.8), constitutive law (2.12) and energy equation (2.11).
We also find that
σ¯0(y, t) =
√
3
4
(s(y, t) + q(t))2 + 3r(t)2, (3.12)
p˙0 =
4
3
vσ¯0(y, t)
s(y, t) + q(t)
, (3.13)
ε˙0xy =
2vr(t)
s(y, t) + q(t)
. (3.14)
12
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Then s(y, t), θ0(y, t) are defined from the solution of the system of the equiv-
alent stress (3.12), equivalent strain-rate (3.13), constitutive law (2.12), ac-
cumulated plastic strain (2.6) and energy equation (2.11).
It is worth noticing that the process is thermodynamically consistent if
and only if
s(y, t) + q(t) > 0, p˙ > 0. (3.15)
However, more restrictive conditions on s, p˙ are needed. These conditions
are due to the restriction that the process is quasistatic, imposing an upper
bound on the equivalent strain-rate
p˙ < 10−2. (3.16)
From ε˙2xy =
3
4
p˙2(1− 4
3
(v
p˙
)2), shear strain rate (3.14) and equivalent strain rate
(3.13) we obtain
ε˙xy =
√
3
2
p˙
√
1− 4
3
v2
p˙2
sign(r), (3.17)
s+ q =
|r|√
3
16
p˙2
v2
− 1
4
, (3.18)
while from r
ε˙xy
= 2
3
σ¯
p˙
we obtain
σ¯ =
√
3 | r |√
1− 4
3
v2
p˙2
. (3.19)
Then, from the bound of strain-rate (3.16) and (3.18),
s > 0.233r − q, (3.20)
while from 1− 4
3
v2
p˙2
> 0
p˙ > 1.155v. (3.21)
13
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Note 1: The special case v = 0 corresponds to s(y, t) = −q and leads to
pure shearing with vx = ϕ(y, t), vy = 0, ε˙xy =
1
2
∂ϕ
∂y
, p˙ = 1√
3
∂ϕ
∂y
, σ¯ =
√
3r.
It is also worth noticing that, due to the presence of ϕ(y, t), the left hand
side of the second equilibrium equation (3.2) is only approximately equal to
zero, so the process must start and be continued by controlling the quasi-
linearity with respect to time of shear strain ε0xy and accumulated strain
p0(y, t), as in Dudzinski and Molinari, 1991; Chatzigeorgiou and Charalam-
bakis, 2005. Let us clarify this task. Using equivalent stress (3.12) and
equivalent strain (3.13) we first write all equations of the problem (equiv-
alent strain rate (3.13), constitutive law (2.12), accumulated strain (2.6),
energy (2.11)) in terms of lateral stress, temperature, equivalent strain rate
and equivalent strain, s(y, t), θ0(y, t), p˙0(y, t), p0(y, t), as
3
4
s+ q
v
= G(θ0)α(p0)n(p˙0)m−1, (3.22)
∂θ0
∂t
= c∗v[(s+ q) + 4
r2
(s+ q)
], (3.23)
p˙0 = v
√
4
3
[1 + 4
r2
(s+ q)2
], (3.24)
p0(y, t) = p(0, y) +
∫ t
0
p˙0(τ, y)dτ. (3.25)
Combining the energy equation (3.23) with (3.24) gives after integration
θ0(y, t) = θ0(y, 0) +
4
3
c∗v
∫ t
0
[
3
4
(s(y, τ) + q) + 3r2
1
(s(y, τ) + q)
]dτ, (3.26)
while from (3.24) and (3.25)
p0(y, t) = p0(y, 0) +
∫ t
0
v
√
4
3
[1 + 4
r2
(s(y, τ) + q)2
]dτ. (3.27)
14
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Then, s is obtained by inserting θ, p0 from (3.26), (3.27) into (3.22) by the
numerical solution of the integral equation
H(s) = g(s)− θα(s)p(s)n = 0, (3.28)
where
g(s) = c1(s+ q)(1 + 4
r2
(s+ q)2
)
1−m
2 , c1 = (
3
4
)
1+m
2 v−mG−1, (3.29)
θ(s) = θ0 + c2
∫ t
0
hθ(s)dτ, c2 = c
∗v, (3.30)
p(s) = p0 + c3
∫ t
0
hp(s)dτ, c3 =
2√
3
v, (3.31)
hθ(s) = s+ q + 4r
2 1
s+ q
, (3.32)
hp(s) =
√
1 + 4
r2
(s+ q)2
. (3.33)
with initial condition
[s(y, 0) + q][1 + 4
r2
(s(y, 0) + q)2
]
(1−m(y))
2 =
[
4
3
]
(1+m(y))
2 vm(y)G(y)θ0(y, 0)α(y)p0(y, 0)n(y). (3.34)
From the representation of s we conclude that it always depends on the time,
even for steady data. Therefore, from the new expression for the equivalent
strain rate (3.24) it follows that p˙0 is always a function of time, even if
the normal strain rates v and the given shear stress r are steady. That is
why p˙0 must be controlled at every time step if it fits between lower and
upper bounds (3.21) and (3.16). Moreover, we conclude that, if all initial
conditions (temperature and strain) and thermo-mechanical parameters are
periodic with respect to y, then s(y, t) is also periodic with respect to y.
15
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3.2. Four special cases of (3.28)
In this subsection, we present four special cases, corresponding to (i)
α = n = m = 0, (ii) α < 0, n = m = 0, (iii) n 6= 0, α = m = 0,
(iv) α = n = 0, m 6= 0. From the integral equation (3.28) and the new
expressions for equivalent strain rate (3.24) and temperature (3.26) we obtain
(i) α = n = m = 0.
p˙0(y) =
4
3
v
G(y)√
4
3
G2(y)− 4r2
,
θ0(y) = c∗G(y)p0(y), s(y) =
√
4
3
G(y)2 − 4r2 − q. (3.35)
Equation (3.28) is identity.
(ii) α < 0, n = m = 0 (net softening).
p˙0(y, t) =
4
3
v
G(y)θ0(y, t)α(y)√
4
3
G2(y)θ0(y, t)2α(y) − 4r2
,
s(y, t) =
√
4
3
G(y)2θ0(y, t)2α(y) − 4r2 − q. (3.36)
This case is a pathological one, since energy equation reads
∂θ0(y, t)
∂t
= C∗v[
√
4
3
G(y)2θ0(y, t)2α(y) − 4r2 + 4 r
2√
4
3
G(y)2θ0(y, t)2α(y) − 4r2
]
(3.37)
and, as θ0(., t) is increasing and α < 0, there exists a finite time t¯ and a y˜ at
which the second term increases without bound with θ(y˜, t¯) = [ 1√
3
G(y˜,t¯)
r
]
1
|α(y˜)| ,
where y˜ the point of maximum temperature.
16
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
(iii) α = m = 0, n > 0 (net strain− hardening).
s(y, t) =
√
4
3
G(y)2p0(y, t)2n(y) − 4r2 − q,
∂p0(y, t)
∂t
=
√
4
3
v
p0(y, t)n(y)√
p0(y, t)2n(y) − 3r2
G(y)2
. (3.38)
The solution of this case is always bounded, since
∂p0(y, t)
∂t
≤√
4
3
v
1√
p0(y¯, 0)2n(y¯) − 3r2
G(y¯)2
p0(y¯, t)n(y¯)
where y¯ the point of the minimum initial effective strain. It can be obtained
by integration:
∫ √p0(y,.)2n(y)− 3r2
G2
p0(y,.)n(y)
dp0(y, .) = 2√
3
vt.
(iii) α = n = 0, m > 0 (net strain− rate− hardening).
s(y) =
√
4
3
G(y)2p˙0(y)2m(y) − 4r2 − q. (3.39)
In this case, p˙0, s(y), are obtained from the algebraic equations
[
√
4
3
G(y)2p˙0(y)2m(y) − 4r2][1 + 4 r
2
4
3
G(y)2p˙0(y)2m(y) − 4r2 ]
(1−m(y))
2
= [
4
3
]
(1+m(y))
2 vm(y)G(y) (3.40)
s(y) + q = [
4
3
]
m+1
2 vm(y)−1G(y)[1 + 4(
r
s(y) + q
)2]
m(y)−1
2 . (3.41)
3.3. Linearized instability analysis
On the above defined reference solution we superpose a perturbation δS =
δS0eη∆teiξx1 , where δS0 = (δσ011, δσ
0
22, δσ
0
12, δσ
0, δε˙011, δε˙
0
22, δε˙
0
12, δp˙
0, δθ0). In
Appendix B we can see the determinant of the linear homogeneous system
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which must be zero, resulting to a first order equation (omitting the equilib-
rium solution X = 0) with solution
X =
c∗|α|
θ0
[3
4
− 2(D01)2]− np0σ¯0 [34 − (D01)2]
1
σ¯0
(D01)
2 + m
σ¯0
[3
4
− (D01)2]
, (3.42)
where
D01 =
3
4σ¯0
(σ011 − σ022) =
3
4σ¯0
[(s(y, t) + q(t))cos2ψ + 2r(t)sin2ψ], (3.43)
and σ¯0 is given by (3.12).
For instability (X > 0) (see Figure 2) there are two conditions: the first
is related to the orientation ψ of x1,
instability
Xmax =
c∗|α|σ0
θ0
− n
mp0
−3
8
3
8
X
(D01)
2
Figure 2: Relative perturbation parameter X versus (D01)
2 (relation (3.42))
(D01)
2 <
3
8
, (3.44)
and the second is related to the interplay between thermomechanical and
loading parameters (see Figure 3),
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3
4
− (D01)2
3
4
− 2(D01)2
instability stability
(D01)
2
tn2ψ∗ = −
s + q
2r
tn2ψ∗ =
2r
s + q
3
8
3
4
max(D01)
2
Figure 3: Interplay between thermomechanical and loading parameters (relation (3.45))
c∗|α|
θ0
n
p0σ¯0
>
3
4
− (D01)2
3
4
− 2(D01)2
. (3.45)
In Figure 4 we see the regions of orientation angles susceptible to give insta-
bilities, for given loading r, q and corresponding s.
Next, we compute the critical angle ψ∗ by putting ∂X
∂ψ
= 0. We easily
verify that ∂X(ψ)
∂ψ
and (D01)
2(ψ) become both zero for the value ψ∗ given by
tn2ψ∗ = −s(y, t) + q(t)
2r(t)
. (3.46)
From Appendix B we deduce that, since (D01)
2 + (D03)
2 = 3
4
, |D03| becomes
maximum at ψ = ψ∗ and from the expression of D03 we see that the shear
stress following the critical angle becomes maximum too,
|σ012| =
2
3
σ¯0|D03| =
1√
3
σ¯0 (3.47)
forming a shear band. Weaker material zones is observed that, under nonuni-
axial stress state, tend to be brought into an orientation where they are
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ψ of ψ of
instability instability
ψ∗
ψ∗
pi
4
pi
2
ψ
D01 =
3
4σ0
[(s + q) cos 2ψ + 2r sin 2ψ]
√
3
8
√
3
8
√
3
8
√
3
8
3σ022
4σ0
3σ011
4σ0
Figure 4: Orientation angles susceptible to given instabilities
loaded in shear. This was observed in thin alternating layers of Cu and Nb
on Si(100) substrates, as well as in metal-ceramic nanolayered composites
(Shen et al., 2012). For the critical angle, the instability condition becomes
simply
c∗|α|
θ0
n
p0σ¯0
> 1, (3.48)
and the maximum instability parameter is given by
X =
c∗|α|
θ0
− n
p0σ¯0
m
σ¯0
. (3.49)
However, it is not clear the meaning of (3.48). In the next section, we will
prove that this condition is just a criterion for the onset of stress relaxation
at which the slope of s(., t) becomes zero.
Finally, we easily conclude that: (i) if s, r, q > 0, then ψ∗ > pi
4
, (ii) if
s + q → 0 or r → ∞, then ψ∗ → 0 and (iii) if s + q → ∞ or r → 0, then
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ψ∗ → pi
4
.
4. Non-linear instability analysis
In this section we will present a non-linear instability analysis that allows
to define the onset and evolution of instability as a continuous process. In the
sequel, we neglect, for simplicity, the superscript 0 in the reference solution.
Additionally, the stress r is assumed to be steady. By differentiating with
respect to the time the integral equation (3.28) we find the integrodifferential
equation
1
s+ q
{1− (1−m)
4r2
(s+q)2
1 + 4
2
(s+q)2
}∂s
∂t
= αθ−1
∂θ
∂t
+ np−1
∂p
∂t
= (αθ−1c∗σ + np−1)p˙, (4.1)
where θ, ∂θ
∂t
, p, ∂p
∂t
are given from temperature (3.26),(3.23), accumulated
strain (3.27) and equivalent strain rate expressions (3.24) in terms of s. We
assume that the initial conditions are such that
np(y, 0)−1 >| α | θ(y, 0)−1c∗σ¯, (4.2)
The left-hand side of the evolution equation of lateral stress (4.1) is always
positive since m < 1, therefore the slope of the lateral stress becomes nega-
tive if the right-hand side becomes negative, from which, using energy (3.23),
equivalent strain rate (3.24) and equivalent stress (3.12) equations and re-
calling the lower bound of strain (3.21), we obtain again criterion (3.48) of
the linearized analysis, but now we know that this criterion corresponds to
negative slopes of the lateral stress. Moreover, we can now examine when
the zero slope of s corresponds to a maximum value.
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Lemma: Condition
c∗|α|
θ0
n
p0σ¯0
= 1 implies necessarily a condition of maximum
s provided that n <| α |
In order to examine the conditions for maximum s, we take the partial
derivative with respect to time in the evolution equation (4.1) and obtain
A(s)
∂2s
∂t2
= B(s)[
∂s
∂t
]2 − C(s)∂s
∂t
+ | α | θ−2[∂θ
∂t
]2 − np−2(s)[∂p(s)
∂t
]2, (4.3)
or
A(s)
∂2s
∂t2
= B(s)[
∂s
∂t
]2 − C(s)∂s
∂t
+ | α | θ−2(s)[c∗σ¯(s)p˙(s)]2 − np−2(s)p˙(s)2,
(4.4)
where A(s), B(s), C(s) are functions given in Appendix C and θ, ∂θ
∂t
, p, ∂p
∂t
are
obtained from temperature (3.26), energy (3.23), accumulated strain (3.27)
and equivalent strain rate (3.24) in terms of s.
At the critical time t = t˜, where ∂s
∂t
= 0 and condition
c∗|α|
θ
n
pσ¯
= 1 holds,
equation (4.4) gives
A(s(t˜))
∂2s
∂t2
(t˜) =| α | θ−2(s(t˜))[c∗σ¯(s(t˜))p˙(s(t˜))]2 − np−2(s(t˜))p˙(s(t˜))2, (4.5)
from which we conclude that, if n <| α |, the right-hand member of (4.5) is
negative since
[c∗σ¯(s(t˜))]2p2(t˜)
θ2(t˜)
= (
n2
α2
) <
n
| α | . (4.6)
Hence, s(t˜) is the maximum value of the lateral stress for all materials with
thermal softening larger than strain hardening. In other words, the mecha-
nism of instability is related to the relaxation of s. It is natural to conclude
that, using the numerical solution for s, we can define the onset of instability
regime by computing the time t˜ at which s becomes maximum.
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Note 2: Using equivalent strain rate (3.24) and
p¨ = − 8√
3
r2
p˙
(s+ q)3
∂s
∂t
(4.7)
and recalling the evolution equation of accumulated strain (4.12) leads to the
time evolution of s, p, p˙ at a point, shown in Figure 5, corresponding to the
numerical example presented in Section 7.
s
p
p˙
10−2
t¯ t2
t1
P
Figure 5: Schematic of evolution of lateral stress, equivalent strain and equivalent strain-
rate. Critical time: min{t1, t2}
Note 3: From the evolution equation of lateral stress (4.1) we deduce
that, for positive initial slope of the lateral stress and for a prescribed value of
maximum desirable strain P , a sufficient shear stress that excludes instability
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satisfies the inequality
|r| < 4n[minyθ0(y)]|α|c∗P , (4.8)
additionally to the quasi-static condition.
Before passing to the numerical solution, we give an alternative formu-
lation by a non-linear initial-value problem of ordinary differential equation
satisfied by the equivalent strain p(., t), that will be used in the sequel for the
appropriate initial conditions. To this end, using shear strain (3.17), (3.18)
and effective stress (3.19) and recalling energy equation (2.11) and consti-
tutive law (2.12) we express temperature rate and temperature in terms of
plastic strain and strain-rate only,
∂θ
∂t
=
√
3c∗|r| p˙√
1− 4
3
(v
p˙
)2
sgn(r), (4.9)
θα =
1
G
√
3 | r | p
−np˙−m√
1− 4
3
(v
p˙
)2
. (4.10)
From the expression of the temperature (4.10) by differentiation
∂θ
∂t
= θ[−n
α
p˙
p
− m
α
p¨
p˙
− 1
α
4
3
(v
p˙
)2
(1− 4
3
v2
p˙
2
)
p¨
p˙
]. (4.11)
Combining temperature rate (4.9) and (4.11) we arrive at the evolution equa-
tion for the equivalent plastic strain
C1(p˙)
p¨
p˙
+ C2(p, p˙)
p˙
p
= 0, (4.12)
where
C1(p˙) = 1 +K2
4
3
(v
p˙
)2
1− 4
3
(v
p˙
)2
, (4.13)
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C2(p, p˙) = K1 −K3 p
1− n|α|
p˙
m
|α| [1− 4
3
(v
p˙
)2]
1+|α|
2|α|
, (4.14)
K1 =
n
m
, K2 =
1
m
, K3 =
| α |
m
c∗(
√
3r)
1+|α|
|α| (
1
G
)
1
|α| (4.15)
The evolution equation can eventually be solved numerically for any y under
initial conditions for p, p˙,
p(y, 0) = p0(y), p˙(y, 0) = p˙0(y). (4.16)
We note that the linear version of (4.12) with constant C1, C2 admits the
solution
p˜(y, t) = [(1 + λ)p˙0(y)p
λ
0(y)t+ p
1+λ
0 (y), λ =
C2
C1
. (4.17)
5. Numerical solution
The constitutive law (3.22), the energy balance (3.23) and the evolution
of the accumulated plastic strain (3.24) can be re-expressed as
s+ q =
4Gv
3
θαpnp˙m−1, (5.1)
(s+ q)− 1
c∗v
θ˙ +
4r2
s+ q
= 0, (5.2)
(
1− 3
4v2
p˙2
)
+
4r2
(s+ q)2
= 0. (5.3)
Substituting (5.1) in (5.2) and (5.3) yields
Φ1(p, p˙, θ, θ˙) =
4Gv
3
θαpnp˙m−1 +
3r2
Gv
θ−αp−np˙1−m − 1
c∗v
θ˙ = 0,
Φ2(p, p˙, θ) =
9r2
4G2v2
θ−2αp−2np˙2−2m − 3
4v2
p˙2 + 1 = 0. (5.4)
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The above system can be solved with the Newton-Raphson scheme, through
proper linearization. Setting
pupdated = p+ δp, θupdated = θ + δθ,
leads to the linearized system
Φ1 +
(
∂Φ1
∂p
+
1
∆t
∂Φ1
∂p˙
)
δp+
(
∂Φ1
∂θ
− 1
c∗v∆t
)
δθ = 0,
Φ2 +
(
∂Φ2
∂p
+
1
∆t
∂Φ2
∂p˙
)
δp+
∂Φ2
∂θ
δθ = 0, (5.5)
where
∂Φ1
∂p
=
4Gvn
3
θαpn−1p˙m−1 − 3r
2n
Gv
θ−αp−n−1p˙1−m,
∂Φ1
∂p˙
= −4Gv(1−m)
3
θαpnp˙m−2 +
3r2(1−m)
Gv
θ−αp−np˙−m,
∂Φ1
∂θ
=
4Gvα
3
θα−1pnp˙m−1 − 3r
2α
Gv
θ−α−1p−np˙1−m,
∂Φ2
∂p
= − 9r
2n
2G2v2
θ−2αp−2n−1p˙2−2m,
∂Φ2
∂p˙
=
9r2(2− 2m)
4G2v2
θ−2αp−2np˙1−2m − 3
2v2
p˙,
∂Φ2
∂θ
= − 9r
2α
2G2v2
θ−2α−1p−2np˙2−2m. (5.6)
Setting
A =
∂Φ1
∂p
+
1
∆t
∂Φ1
∂p˙
,
B =
∂Φ1
∂θ
− 1
c∗v∆t
,
Γ =
∂Φ2
∂p
+
1
∆t
∂Φ2
∂p˙
,
∆ =
∂Φ2
∂θ
,
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The solution of the linearized system reads
δp =
−∆Φ1 +BΦ2
A∆−BΓ ,
δθ =
ΓΦ1 − AΦ2
A∆−BΓ . (5.7)
At t = 0 and with known p(y, 0) and θ(y, 0), equation (5.4)b is solved
with Newton-Raphson for the unknown p˙(y, 0):
Φ02 +
∂Φ02
∂p˙
δp˙ = 0 or δp˙ = − Φ
0
2
∂Φ02/∂p˙
. (5.8)
To start the Newton-Raphson scheme, a good initial prediction for the p˙ can
be obtained by considering 2 − 2m ≈ 2. With this assumption, equation
(5.4)b gives
p˙pred(y, 0) =
1√
3
4v2
− 9r
2
4G2v2
θ−2αp−2n
. (5.9)
In order to apply the numerical scheme we need to recall the following
conditions imposed to initial data.
Compatibility condition for initial s(y, t): s(y, 0) = s0(y) is given from
(3.34).
Compatibility condition for initial equivalent strain rate:
p˙0(y) =
2√
3
v
√
1 + 4
r2
(s0(y) + q)2
. (5.10)
Possible condition for positive slop of s(y,0): From (4.1)
s0(y) + q <
√
A =
√
4n2θ0(y)2
α2(c∗)2p0(y)2
− 4r2. (5.11)
27
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
Necessary condition for positive A (maximum shearing):
|r| < 4n[minyθ0(y)]
αc∗[maxyp0(y)]
, (5.12)
Possible condition for p¨(y, 0) < 0: From (4.12)
C2(p, p˙) = K1 −K3 p
1− n|α|
p˙
m
|α| [1− 4
3
(v
p˙
)2]
1+|α|
2|α|
> 0. (5.13)
Necessary condition for minimum strain rate: From s+ q = r√
3p˙2
16v2
− 1
4
> 0
p˙0(y) > 1.155v. (5.14)
Necessary condition for maximum strain rate p˙(y, t) ≤ 10−2
s0(y) + q
r
> 0.233. (5.15)
This numerical scheme is utilized for obtaining the basic solution that
is going to be utilized for both the instability analysis and the homogeniza-
tion results. For the homogenization, the obtained results are going to be
compared with those from the asymptotic expansion homogenization theory
for thermomechanical processes, as described in Chatzigeorgiou et al. (2018).
The theoretical and numerical details of the the asymptotic expansion ho-
mogenization theory are briefly presented in Appendix D.
6. Homogenized problem
In this section, we consider the case of a periodically graded material,
with a very fine period, such that all given and unknown functions ψ can be
expressed as functions of both the macro- y and micro-coordinates y¯ = y

as
ψ(y)
.
= ψ(y, y¯), (6.1)
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being periodic with respect to y¯ with period Y¯ . Then, by considering → 0,
all techniques adopted by the periodic homogenization can be applied, in-
cluding weak limits of bounded functions, in order to define the homogenized
functions of the heterogeneous problem
vx = vx+ φ
(y, t), vy = −vy, (6.2)
σ¯(y, t) =
√
3
4
(s(y, t) + q)2 + 3r2, (6.3)
p˙ =
4
3
vσ¯(y, t)
s(y, t) + q
, (6.4)
ε˙xy =
1
2
∂φ(y, t)
∂t
=
2vr
s(y, t) + q
, (6.5)
∂θ
∂t
= c∗σ¯p˙, (6.6)
σ¯ = Gθαpnp˙m. (6.7)
The heterogeneous material may be a functionally periodic material or a mul-
tilayered material with continuously graded interfaces. For a multilayer, all
given properties are obtained by alternate piecewise constant and smoothly
connected periodic functions (see Figure 6 for the evolution of the parameter
G).
In the sequel, we denote by < ψ > the average of a periodic function
ψ(y) over its period
< ψ(y) >
.
=
1
Y¯
∫ Y¯
0
ψ(y, y¯)dy¯, (6.8)
so the weak limit of every bounded periodic function ψ(y), − h
2
≤ y ≤ h
2
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Figure 6: Example of material property
for → 0 is given by∫ h
2
−h
2
ψ(y)f(y)dy →
∫ h
2
−h
2
1
Y¯
∫ Y¯
0
f(y)ψ(y, y¯)dy¯dy, ∀ f(y) ∈ C[−h
2
,
h
2
].
(6.9)
This is a non-linear homogenization problem, in which non-linear equations,
as well as products of bounded sequences do not converge weakly, so the
homogenized solution must rely on the numerical solution p(., t) and θ(, t)
at every time t and for fixed small  and the corresponding values of s(., t).
The homogenized structure is loaded by q, r and w =< s(y, t) > (see Figure
7).
In Figure 8 we see a picture of the velocity field of four points forming
a rectangle in the undeformed situation, as well as the unknown velocity
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h/2
h/2
x
y
q
r
q
w
r w
Figure 7: Homogenized lateral stress and structure
function φ(y, t) in (3.9) at a time t, having a given value at y = 0.
vx
vy
φ(y, t)
x
y
φ(y, t)
φ(0, t)
Figure 8: Unknown velocity function is not periodic, but its derivative is periodic
Note that φ(y, .) is not periodic, but its derivative ∂φ
∂t
(y, .) is periodic, so
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φ(y, .) can be decomposed into a linear and a periodic part ω(y, .), ω(±h
2
, t) =
0 as
φ(y, t) = φ(0, t) +
∫ y
0
∂φ(ξ, t)
∂y
dξ = αy + φ(0, t) + ω(y, t), (6.10)
therefore
<
∂φ(ξ, t)
∂y
>= α+ <
∂ω(y, t)
∂t
>= α. (6.11)
On the other hand, from shear strain (6.5), the macro-shear strain-rate is
given by
E˙xy =< ε˙

xy >=
1
2
<
∂φ(y, t)
∂y
>= 2vr <
1
s(y, t) + q
> . (6.12)
Combining equivalent strain rate (6.4) and energy (6.6) equations, we deduce
the dissipation in terms of the lateral stress
D =
1
c∗
∂θ
∂t
= σ¯p˙ = v(s(y, t) + q) + 4vr2
1
s(y, t) + q
. (6.13)
from which, by averaging, the homogenized dissipation
D = < D >=<
1
c∗
∂θ
∂t
>
= < σ¯p˙ >= v < s(y, t) + q > +4vr2 <
1
s(y, t) + q
> . (6.14)
This can be written in terms of macro-shear strain-rate and macro-lateral
stress as
D =< D >=< σ¯p˙ >= v(w + q) + rE˙xy. (6.15)
This is a rare example of homogenized dissipation that can be expressed in
relatively explicit form, thanks to the special solution of the problem and the
form of boundary conditions.
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7. Numerical example
In this section we present a numerical example of a multilayer with graded
interfaces.
We note that the initial data and the boundary conditions are chosen such
that necessary conditions (3.34), (5.12), (5.14), (5.15) are respected. The
case of compressive initial lateral stress is not treated, following the same
lines. We note that, in this case, an additional investigation for buckling of
interfaces using data of heterogeneous lateral stress could eventually be of
interest.
Data:
r = 180 MPa,
q = 200 MPa,
v = 0.001 1/s,
p(y, 0) = 0.02,
θ(y, 0) = 300 K,
G(y) =
 6100 + 200 cos( 2pifY¯ y), 0 ≤ y ≤ fY¯,6300, f Y¯ ≤ y ≤ Y¯, MPa,
m(y) =
 0.017 + 0.002 cos( 2pifY¯ y), 0 ≤ y ≤ fY¯,0.019, f Y¯ ≤ y ≤ Y¯,
α(y) =
 −0.34− 0.04 cos( 2pifY¯ y), 0 ≤ y ≤ fY¯,−0.38, f Y¯ ≤ y ≤ Y¯,
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n(y) =
 0.014 + 0.001 cos( 2pifY¯ y), 0 ≤ y ≤ fY¯,0.015, f Y¯ ≤ y ≤ Y¯,
c∗(y) =
 0.20077 + 0.03 cos( 2pifY¯ y), 0 ≤ y ≤ fY¯,0.23077, f Y¯ ≤ y ≤ Y¯, m3K/MJ.
The material parameters are motivated by experimental data available in the
literature (see also Chatzigeorgiou et al., 2007). The fraction f is set to 0.5.
We compute sk at two characteristic points, at y = 0 with the absolute
maximum material parameters and at y = 0.25Y the absolute minimum
material parameters (see Figure 9). The life of the process can be defined as
t = min[t1, t2]. (7.1)
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Figure 9: Lateral stress versus equivalent strain. Softening effect
In Figures 10 and 11 we see the evolution in time of s, p, p˙ at the two
positions, corresponding to the stiffest and weakest regions respectively. In
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Figure 12 we see the oscillating stress and shear strain of the composite at
a characteristic time (t = 50 s), exhibiting smooth evolution with respect to
the position y.
For the homogenization process, we compare the results obtained by the
present methodology with those corresponding value computed by the fully
coupled thermomechanical asymptotic expansion homogenization theory pre-
sented in Chatzigeorgiou et al. (2018) (see details in Appendix D). In Fig-
ure 13a the time-evolution of the homogenized lateral stress w presents a
maximum value, and the observed maximum difference between the two ap-
proaches is of the order of 2%. In Figure 13b we see the time-evolution of
the homogenized shear strain and we obtain a regime of increasing positive
rate after 50 sec. A maximum difference of the order of 4% between the two
approaches is observed. Finally, in Figure 13c, the time-evolution of the ho-
mogenized dissipation rate D(t) presents a maximum value at around t = 50
s and decreases as the process continues to evolve in the softening regime.
8. Conclusion
In this paper, a special solution of the two-dimensional quasistatic prob-
lem of a rigid-thermo-visco-plastic heterogeneous plate under biaxial com-
pression/tension or compression/compression combined with shearing, that
preserves prescribed uniform normal strains for manufacturing purposes, is
proposed. An instability analysis is presented that reveals that the onset of
instability depends on the time-variation of the heterogeneous lateral stress.
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Figure 10: Evolution in time of s, p, p˙ at y = 0
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Figure 11: Evolution in time of s, p, p˙ at y = 0.25Y
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Figure 12: Distribution of lateral stress and shear strain at t = 50 s. Localization effect
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Figure 13: Evolution of homogenized lateral stress, shear strain and dissipation
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Moreover, the homogenized problem of a periodic multilayer with continu-
ously graded interfaces is presented and the required effective uniform lateral
loading, together with the effective shear strain and effective dissipation, are
expressed in terms of the lateral stress of the heterogeneous problem. The re-
sults on the heterogeneous lateral normal stress could be eventually used for
further investigation of high stress concentrations as well as of microbuckling
(for compressive lateral stress), while the results on the heterogeneous shear
strain distribution could be used for high non-uniformities control.
9. Appendix A
We take the logarithm of the constitutive law (2.12), differentiate with
respect to time and substitute ∂θ
∂t
from the energy equation (2.11) to deduce
m
∂z
∂t
+
1
mσ¯
∂σ¯
∂t
z − [α( β
%c
)
σ¯
θ
+
n
p
] = 0, (9.1)
where z = (∂p
∂t
)−1. The solution of (9.1) has the following representation in
terms of equivalent stress and temperature level and the thermomechanical
parameters:
z(y, t) = e−
∫
P (y,t)dt
∫ t
t0
e
∫
P (y,s)dsQ(y, τ)dτ + e−
∫
P (y,t)dtz(y, t0), (9.2)
where
P (y, t) =
1
m(y)σ¯(y, t)
∂σ¯(y, t)
∂t
,
Q(y, t) =
α(y)
m(y)
(
β
m(y)%(y)c(y)
)
σ¯(y, t)
θ(y, t)
+
n(y)
m(y)p(y, t)
. (9.3)
Since z(y, t0 > 0 we conclude that, if Q(yˆ, t) < 0 for some material point
yˆ after a strain and loading level, then for this point there exists a critical
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time at which the equivalent strain-rate increases without bound (see also
Chatzigeorgiou and Charalambakis, 2005; Chatzigeorgiou et al., 2007).
10. Appendix B
The determinant of the linearized homogeneous algebraic system takes
the form
D01 −D01 2D03 −1 0 0 0 0 0
0 0 0 − x
σ¯0
0 0 0 R
p˙0
αX
θ0
D011
σ¯0
−D011
σ¯0
2D013
σ¯0
0 − 1
p˙0
0 0
D01
p˙0
0
−D011
σ¯0
D011
σ¯0
−2D013
σ¯0
0 0 − 1
p˙0
0 −D01
p˙0
0
D013
σ¯0
−D013
σ¯0
D033
σ¯0
0 0 0 − 1
p˙0
D01
p˙0
0
0 0 0 0 0 ξ2 1 1 1
ξ 0 0 0 0 0 0 0 0
0 0 ξ 0 0 0 0 0 0
0 0 0 c∗ 0 0 0 c
∗σ¯0
p˙0
−X

(10.1)
where
σ011 = s(y, t)cos
2ψ − q(t)sin2ψ + r(t)sin2ψ, (10.2)
σ022 = s(y, t)sin
2ψ − q(t)cos2ψ − r(t)sin2ψ, (10.3)
σ012 = −
q(t) + s(y, t)
2
sin2ψ + r(t)cos2ψ, (10.4)
D01 =
3
4σ¯0
(σ011 − σ022) =
3
4σ¯0
[(s(y, t) + q(t))cos2ψ + 2r(t)sin2ψ], (10.5)
D02 =
3
2σ¯0
σ012 =
3
2σ¯0
[−(s(y, t) + q(t))sin2ψ + 2r(t)cos2ψ], (10.6)
D011 =
3
4
− (D01)2, D013 = −D01D03, D033 =
3
2
− 2(D03)2, (10.7)
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X =
η
p˙0
, (10.8)
R = mX +
n
p0
. (10.9)
Using the von Mises expression (3.12),
(D01)
2 + (D03)
2 =
3
4
. (10.10)
11. Appendix C
A(s) =
1
s+ q
{1− (1−m)
4r2
(s+q)2
1 + 4
2
(s+q)2
}, (11.1)
B(s) =
1
(s+ q)2
{1− (1−m)12r
2(s+ q)2 + 16r4
[(s+ q)2 + 4r2]2
}, (11.2)
C(s) =
8nvr2√
3
1√
1 + 4r
2
(s+q)2
(s+ q)3
1
p(s)
+ | α | c∗v[1− 4r
2
(s+ q)2
1
θ(s)
. (11.3)
12. Appendix D
According to the asymptotic expansion homogenization framework, dis-
cussed in Chatzigeorgiou et al. (2018), the heterogeneous problem
ε˙xx = v,
ε˙yy = −v,
ε˙xy =
2vr
s + q
,
s =
4Gv
3
(θ)α

(p)n

(p˙)m
−1 − q,
p˙ = v
√
4
3
(
1 +
4r2
(s + q)2
)
,
θ˙ = c∗v
(
s + q +
4r2
(s + q)
)
, (12.1)
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leads to the microequations in the unit cell (exponent 0 denotes micro-
quantity, bar denotes macro-quantity)
ε˙0xx = v,
ε˙0yy = −v,
ε˙0xy =
2vr
s0 + q
,
s0 =
4Gv
3
θα(p0)n(p˙0)m−1 − q,
p˙0 = v
√
4
3
(
1 +
4r2
(s0 + q)2
)
, (12.2)
and the macroequations
ε˙xx =
〈
ε˙0xx
〉
= v,
ε˙yy =
〈
ε˙0yy
〉
= −v,
ε˙xy =
〈
ε˙0xy
〉
= 2vr
〈
1
s0 + q
〉
,
s =
〈
s0
〉
,
θ˙ =
〈
c∗v
(
s0 + q +
4r2
(s0 + q)
)〉
. (12.3)
The homogenization calculation scheme is written as follows:
1. At t = 0, θ(0) = θref and p0(y, 0) = pref everywhere.
2. Solve the nonlinear equation
Φ0(p˙0) =
9r2
4G2v2
θ−2α(p0)−2n(p˙0)2−2m − 3
4v2
(p˙0)2 + 1 = 0,
and compute p˙0(y, 0).
3. Compute s0(y, 0) from (12.2)4.
4. Compute θ˙ from (12.3)5.
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5. Incremental computational procedure at t = tn+1 = tn + ∆t:
(a) At t = tn everything is known.
(b) Set θ(tn+1) = θ(tn) + ∆t θ˙(tn).
(c) Assume
p0(y, tn+1) = p
0(y, tn) + ∆t p˙
0(y, tn), p˙
0(y, tn+1) = p˙
0(y, tn),
as prediction, solve iteratively the differential equation
Φ(p0, p˙0) =
9r2
4G2v2
θ−2α(p0)−2n(p˙0)2−2m − 3
4v2
(p˙0)2 + 1 = 0,
and compute p0(y, tn+1) and p˙
0(y, tn+1).
(d) Compute s0(y, tn+1) from (12.2)4.
(e) Compute θ˙(tn+1) from (12.3)5.
Note: The dissipation is computed by equation (6.15), considering the
stress s as calculated by the above iterative scheme.
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Highlights 
 
We present the special solution of the two-dimensional problem of a 
continuously graded composite made of thermo-visco-rigid-plastic materials 
under combined biaxial quasi-static compression and tension (or 
compression) and shear, that preserves prescribed uniform normal strains.  
 
In the context of non-linear instability, the results of linearized instability are 
examined, explained and corrected. Additionally, the destabilizing 
mechanism, the onset of instability and the critical time are defined and 
related to the lateral normal stress.  
 
A semi-analytical homogenization scheme for a periodically-graded material is 
presented. Effective quantities such as shear strain-rate or dissipation-rate, 
are computed and compared with asymptotic homogenization results.  
 
The homogenization result of the present paper can eventually be used in 
manufacturing processes of layered materials with functionally graded 
interfaces, for which prescribed uniform normal strains are desired under 
combined biaxial normal stress and shearing.  
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